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Abstract. A geometrical formulation for adjoint-symmetries as 1-forms is studied for gen-
eral partial differential equations (PDEs), which provides a dual counterpart of the geo-
metrical meaning of symmetries as tangent vector fields on the solution space of a PDE.
Two applications of this formulation are presented. Additionally, for systems of evolution
equations, adjoint-symmetries are shown to have another geometrical formulation given by
1-forms that are invariant under the flow generated by the system on the solution space.
This result is generalized to systems of evolution equations with spatial constraints, where
adjoint-symmetry 1-forms are shown to be invariant up to a functional multiplier of a nor-
mal 1-form associated to the constraint equations. All of the results are applicable to the
PDE systems of interest in applied mathematics and mathematical physics.
1. Introduction
Symmetries are a fundamental coordinate-free structure of a partial differential equation
(PDE). In geometrical terms, an infinitesimal symmetry is an evolutionary (vertical) vector
field that is tangent to the solution space of a PDE, where the components of the vector
field are the solutions of the linearization of the PDE on its solution space. (See, e.g.
Ref. [12, 11, 9, 8].)
Knowledge of the symmetries of a PDE can be used to map given solutions into other
solutions, find invariant solutions, detect and find mappings into a target class of PDEs,
detect integrability, and find conservation laws through Noether’s theorem when a PDE has
a variational (Lagrangian) structure.
Solutions of the adjoint linearization of a PDE on its solution space are known as adjoint-
symmetries. This terminology was first introduced and explored for ordinary differential
equations (ODEs) in Ref. [13, 14, 15, 7], and then generalized to PDEs in Ref. [3, 4]. (See
Ref. [2] for a recent overview for PDEs.)
Knowledge of the adjoint-symmetries of a PDE can be used to for several purposes just
as symmetries can. Specifically, solutions of the PDE can be found analogously to the
invariant surface condition associated to a symmetry; mappings into a target class of PDEs
can be detected and found analogously to characterizing the symmetry structure of the target
class; integrability can be detected analogously to existence of higher-order symmetries; and
conservation laws can be determined analogously to symmetries that satisfy a variational
condition. In particular, the counterpart of variational symmetries for a general PDE is
1sanco@brocku.ca, 2wangbao@lsec.cc.ac.cn.
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provided by multipliers, which are well known to be adjoint-symmetries that satisfy an
Euler-Lagrange condition.
However, a simple geometrical meaning (apart from abstract formulations) for adjoint-
symmetries has yet to be developed in general for PDEs. Several significant new steps
toward this goal will be taken in the present paper.
Firstly, for general PDE systems, adjoint-symmetries will be shown to correspond to evo-
lutionary (vertical) 1-forms that functionally vanish on the solution space of the system.
This formulation has two interesting applications. It will provide a geometrical derivation of
a well-known formula that generates a conservation law from a pair consisting of a symmetry
and an adjoint-symmetry [3, 1]. It also will yield three different actions of symmetries on
adjoint-symmetries from Cartan’s formula for the Lie derivative, providing a geometrical
formulation of some recent work that used an algebraic viewpoint [6].
Secondly, for evolution systems, these adjoint-symmetry 1-forms will be shown to have the
structure of a Lie derivative of a simpler underlying 1-form, utilizing the flow generated by the
system. As a result, adjoint-symmetries of evolution systems will geometrically correspond
to 1-forms that are invariant under the flow on the solution space of the system. This directly
generalizes the geometrical meaning of adjoint-symmetries known for ODEs [15].
Thirdly, a bridge between the preceding results for general PDE systems and evolution
systems will be developed by considering evolution systems with spatial constraints. These
systems are ubiquitous in applied mathematics and mathematical physics, for example:
Maxwell’s equations, incompressible fluid equations, magnetohydrodynamical equations, and
Einstein’s equations. For such systems, invariance of the adjoint-symmetry 1-form will be
shown to hold up to a functional multiple of the normal 1-form associated to the constraint
equations.
Throughout, the approach will be concrete, rather than abstract, so that the results can be
readily understood and applied to specific PDE systems of interest in applied mathematics
and mathematical physics.
The rest of the paper is organized as follows. Section 2 discusses the evolutionary form
of vector fields and its counterpart for 1-forms in the mathematical framework of calculus
in jet space, which will underlie all of the main results. Section 3 reviews the geometrical
formulation of symmetries and presents the counterpart geometrical formulation of adjoint-
symmetries. Section 4 gives the two applications of adjoint-symmetry 1-forms. Section 5
develops the main results for adjoint-symmetries of evolution systems and extends these
results to constrained evolution systems. Some concluding remarks are made in Section 6.
2. Vector fields, 1-form fields, and their evolutionary form
To begin, some essential tools [11, 10, 2] from calculus in jet space will be reviewed. This
will set the stage for a discussion of the evolutionary form of vector fields and its counterpart
for 1-forms, as needed for the main results in the subsequent sections.
Independent variables are denoted xi, i = 1, . . . , n, and dependent variables are denoted
uα, α = 1, . . . , m. Derivative variables are indicated by subscripts employing a multi-index
notation: I = {i1, . . . , iN}, u
α
I = u
α
i1···iN
:= ∂xi1 · · ·∂xiN u
α, |I| = N ; I = ∅, uαI := u
α, |I| = 0.
Some useful notation: ∂ku will denote the set {uαI }|I|=k of all derivative variables of order
k ≥ 0; u(k) will denote the set {uαI }0≤|I|≤k of all derivative variables of all orders up to k ≥ 0.
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The summation convention of summing over any repeated (multi-) index in an expression is
used throughout.
Jet space is the coordinate space J = (xi, uα, uαj , . . .). A smooth function u
α = φα(x) :
R
n → Rm determines a point in J: at any xi = (x0)
i, the values (u0)
α := φα(x0) and the
derivative values (u0)
α
J := ∂j1 · · ·∂jNφ
α(x0) for all orders N ≥ 1 give a map
uα = φα(x)
x0→ ((x0)
i, (u0)
α, (u0)
α
j , . . .) ∈ J. (2.1)
In jet space, the primitive geometric objects consist of partial derivatives ∂xi, ∂uαJ , and
differentials dxi, duαJ . They are related by duality (hooking) relations:
∂xi⌋ dx
j = δji , (2.2)
∂uα
I
⌋ duβJ = δ
β
αδ
I
J . (2.3)
It will be useful to also introduce the geometric contact 1-forms
ΘαI = du
α
I − u
α
Iidx
i. (2.4)
Under the evaluation map (2.1), the pull back of a contact 1-form vanishes.
Total derivatives are given by Di = ∂xi + u
α
iJ∂uαJ , which corresponds to the chain rule
under the evaluation map (2.1). Higher total derivatives are defined by DJ = Dj1 · · ·DjN ,
J = {j1, . . . , jN}, |J | = N . For J = ∅, D∅ = id is the identity operator, where |∅| = 0. In
particular, DJu
α = uαJ , and DJdu
α = duαJ .
A differential function is a function f(x, u(k)) defined on a finite jet space J(k) =
(xi, uα, uαj , . . . , u
α
j1···jk
) of order k ≥ 0. The Frechet derivative of a differential function f
is given by
f ′ = fuα
I
DI (2.5)
which acts on (differential) functions F α. The adjoint-Frechet derivative of a differential
function f is given by
(f ′∗)α = (−1)
|I|DIfuα
I
(2.6)
which acts on (differential) functions F , where the righthand side is viewed as a composition
of operators.
The Frechet second-derivative is given by
f ′′(F1, F2) = fuα
I
uβ
J
(DIF
α
1 )(DJF
β
2 ). (2.7)
This expression is symmetric in the pair of functions (F α1 , F
α
2 ).
The commutator of two differential functions f1 and f2 is given by [f1, f2] = f
′
2(f1)−f
′
1(f2).
The Euler operator (variational derivative) is given by
Euα = (−1)
|I|DI∂uα
I
. (2.8)
It characterizes total divergence expressions: Euα(f) = 0 holds identically iff f = DiF
i for
some differential vector function F i(x, u(k)). The product rule takes the form
Euα(f1f2) = f
′
1
∗(f2)α + f
′
2
∗(f1)α. (2.9)
The higher Euler operators
EIuα =
(
I
J
)
(−1)|J |DJ∂uα
IJ
(2.10)
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characterize higher-order total derivative expressions: EIuα(f) = 0 holds identically iff f =
Di1 · · ·Di|I|F
i1...i|I| for some differential tensor function F i1...i|I|(x, u(k)).
The Frechet derivative is related to the Euler operator by
f ′(F ) = F αEuα(f) +DiΓ
i(F ; f), Γi(F ; f) = (DJF
α)Euα
iJ
(f). (2.11)
The Frechet derivative and its adjoint are related by
F2f
′(F1)− F
α
1 f
′∗(F2)α = DiΨ
i(F1, F2; f), Ψ
i(F1, F2; f) = (DKF2)(DJF
α
1 )E
K
uα
iJ
(f). (2.12)
2.1. Evolutionary vector fields and 1-form fields. A vector field in jet space is defined
as the geometric object
P i∂xi + P
α
I ∂uαI (2.13)
whose components are differential functions. Similarly, a 1-form field in jet space is defined
as the geometric object
Qidx
i +QIαdu
α
I (2.14)
whose components are differential functions. Total derivatives Di = ∂xi + u
α
iI∂uαI represent
trivial vector fields that annihilate contact 1-forms: Di⌋Θ
α
J = 0.
Geometric counterparts of partial derivatives ∂uα
J
are evolutionary (vertical) differentials
duαJ , where d is the evolutionary version of d: d
2 = 0, dxi = 0. They satisfy the duality
(hooking) relation:
∂uα
I
⌋ duβJ = δ
β
αδ
I
J . (2.15)
An evolutionary (vertical) vector field is the geometric object
P αI ∂uαI (2.16)
whose components are differential functions. Every vector field X = P i∂xi + P
α
I ∂uαI has a
unique evolutionary form Xˆ = X−P iDi = Pˆ
α
I ∂uαI given by the components Pˆ
α
I = P
α
I −P
iuαiI .
Its dual counterpart is an evolutionary (vertical) 1-form field
QIαdu
α
I (2.17)
whose components are differential functions.
For later developments, it will be useful to define the functional pairing relation
〈P αI ∂uαI , Q
I
αdu
α
I 〉 =
∫
P αI Q
I
α dx (2.18)
between evolutionary vector fields and evolutionary 1-form fields. In local form, this pairing
is given by the expression
P αI Q
I
α mod total D. (2.19)
Two evolutionary 1-forms will be considered functionally equivalent iff their pairings with
an arbitrary evolutionary vector field agree:
〈P αI ∂uαI , Q1
J
βdu
β
J〉 = 〈P
α
I ∂uαI , Q2
J
βdu
β
J〉, (2.20)
or in local form
P αI (Q1
I
α −Q2
I
α) = 0 mod total D. (2.21)
Functional equivalence of 1-forms is closely related to the notion of functional 1-forms in
the variational bi-complex. See Ref. [11] for details.
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3. Geometric formulation of symmetries and adjoint-symmetries
Consider a general PDE system of order N consisting of M equations
GA(x, u(N)) = 0, A = 1, . . . ,M (3.1)
where xi, i = 1, . . . , n, are the independent variables, and uα, α = 1, . . . , m, are the de-
pendent variables. The space of formal solutions uα(x) of the PDE system will be denoted
E .
There are many equivalent starting points for the formulation of infinitesimal symmetries.
For the present purpose, the most useful one is given by evolutionary vector fields and utilizes
only the Frechet derivative. A symmetry is a vector field
XP = P
α(x, u(k))∂uα (3.2)
whose component functions P α(x, u(k)) are non-singular on E and satisfy the linearization of
the PDE system on E :
(prXPG
A)|E = G
′(P )A|E = 0. (3.3)
This is the symmetry determining equation, and the functions P α are called the characteristic
of the symmetry.
In this setting, an adjoint-symmetry consists of functions QA(x, u
(l)) that are non-singular
on E and that satisfy the adjoint linearization of the PDE system on E :
G′∗(Q)α|E = 0. (3.4)
This is the adjoint-symmetry determining equation.
In particular, the two determining equations (3.3) and (3.4) are formal adjoints of each
other.
Since P α has the geometrical status as the components of the vector field (3.2), a natural
question is whether QA has any status given by the components of some other geometrical
object [1, 2].
It will be useful to work with a coordinate-free description of the PDE system (3.1) in
jet space. Such a system of equations (G1(x, u(N)), . . . , GM(x, u(N))) = 0 describes a set of
M surfaces in the finite space J(N)(x, u, ∂u, . . . , ∂Nu). Total derivatives of these equations,
(DIG
1(x, u(N)), . . . , DIG
M(x, u(N))) = 0, correspondingly describe sets of surfaces in the
higher-derivative finite spaces J(N+|I|)(x, u, ∂u, . . . , ∂N+|I|u). Altogether, the set comprised
by the equations and the derivative equations for all orders |I| ≥ 0 corresponds to an infinite
set of surfaces in jet space, which can be identified with the solution space E .
As is well known, symmetry vector fields geometrically describe tangent vector fields with
respect to E . To see this explicitly, first consider the identities
dGA = (GA)uα
I
duαI , (3.5)
G′(P )A = prXPG
A = prXP ⌋ dG
A. (3.6)
Now observe that dGA is the normal 1-form to the surfaces GA = 0. The symmetry de-
termining equation (3.3) then shows that the prolonged vector field prXP is annihilated by
the normal 1-form and hence is tangent to these surfaces iff XP is a symmetry of the PDE
system.
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This normal 1-form (3.5) provides a natural way to associate a 1-form to an adjoint-
symmetry via
̟Q = QA(x, u
(l))dGA. (3.7)
A functionally equivalent 1-form is obtained through integration by parts:
QAdG
A = QA(G
A)′(du) = G′∗(Q)αdu
α mod total D. (3.8)
Evaluating this 1-form on the solution space E then gives
̟Q|E = 0 mod total D. (3.9)
Thus, a 1-form ̟Q functionally vanishes on the surfaces E iff its components QA are an
adjoint-symmetry.
This establishes a main geometrical result.
Theorem 3.1. Adjoint-symmetries describe evolutionary 1-forms QAdG
A that functionally
vanish on the solution space E of a PDE system (3.1).
These developments have used evolutionary (vertical) vector fields and evolutionary 1-
forms. It is straightforward to reformulate everything in terms of full vector fields and full
1-forms.
First, consider the normal 1-form
dGA = (GA)xidx
i + (GA)′(du)
= (GA)′(Θ) + ((GA)xi + (G
A)′(ui))dx
i
= (GA)′(Θ) +DiG
Adxi
(3.10)
which yields the relation
dGA|E = (G
A)′(Θ)|E . (3.11)
Then, observe
QAdG
A|E = QA(G
A)′(Θ)|E
= (GA)′∗(QA)α|EΘ
α mod total D.
(3.12)
As a consequence, QAdG
A|E vanishes mod total D iff QA satisfies the adjoint-symmetry
determining equation (3.4). Moreover, the determining equation itself can be expressed
directly in terms of the 1-form QAdG
A|E by EΘα(QAdG
A)|E = (G
A)′∗(QA)|E = 0.
Proposition 3.2. The adjoint-symmetry determining equation (3.4) can be expressed geo-
metrically as
EΘα(QAdG
A)|E = 0. (3.13)
4. Some applications
Two geometrical applications of Theorem 3.1 will be presented. The first application is
a geometrical derivation of a well-known formula that generates a conservation law from
a pair consisting of a symmetry and an adjoint-symmetry. This derivation will use the
functional pairing (2.18). The second application is a geometrical derivation of three actions
of symmetries on adjoint-symmetries. These symmetries actions have been obtained in recent
work using an algebraic point of view [6]. They will be shown here to arise from Cartan’s
formula for the Lie derivative of an adjoint-symmetry 1-form (3.7).
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It will be useful to work with the determining equations for symmetries and adjoint-
symmetries off of the solution space E of a given PDE system (3.1).
Remark 4.1. A PDE system (3.1) will be assumed to be regular [2], so that Hadamard’s
lemma holds: a differential function f satisfies f |E = 0 iff f = Rf (G), where Rf is a linear
differential operator whose coefficients are non-singular on E .
Consequently, for symmetries, G′(P )A|E = 0 holds iff
G′(P )A = RP (G)
A, (4.1)
and likewise for adjoint-symmetries, G′∗(Q)α|E = 0 holds iff
G′∗(Q)α = RQ(G)α, (4.2)
where RP and RQ are linear differential operators whose coefficients are non-singular on E .
4.1. Conservation laws from symmetries and adjoint-symmetries. The functional
pairing (2.18) between a symmetry vector field (3.2) and an adjoint-symmetry 1-form (3.7)
is given by
〈prXP ,̟Q〉 = 〈prP
α∂uα, QAdG
A〉 =
∫
QAG
′(P )A dx (4.3)
from identity (3.6). This pairing in local form (2.19) is the expression
QAG
′(P )A mod total D. (4.4)
There are two different ways to evaluate it.
First, since XP is a symmetry, QAG
′(P )A = QARP (G)
A. Second, since ̟Q is an adjoint-
symmetry, QAG
′(P )A = G′∗(Q)αP
α +DiΨ
i(P,Q)G = P
αRQ(G)α +DiΨ
i(P,Q;G), where
Ψi(P,Q;G) = (DKQA)(DJP
α)EKuα
iJ
(GA). (4.5)
Hence, on E , QAG
′(P )A|E = DiΨ
i(P,Q)G|E = 0 which is equivalent to 〈prXP ,̟Q〉|E = 0.
This establishes the following conservation law.
Theorem 4.2. Vanishing of the functional pairing (4.3) for any symmetry (3.2) and any
adjoint-symmetry (3.7) corresponds to a conservation law
DiΨ
i(P,Q;G)|E = 0 (4.6)
holding for the PDE system GA = 0, where the conserved current Ψi(P,Q;G) is given by
expression (4.5).
4.2. Action of symmetries on adjoint-symmetries. For any PDE system (3.1), its set
of adjoint-symmetries is a linear space, and as shown in Ref. [6], symmetries of the PDE
system have three different actions on this space.
The primary symmetry action can be derived from the Lie derivative of an adjoint-
symmetry 1-form with respect to a symmetry vector field.
Proposition 4.3. If ̟Q is an adjoint-symmetry 1-form (3.7), namely ̟Q|E =
0 (mod total D), then its Lie derivative with respect to any symmetry vector XP = P
α∂uα
yields an adjoint-symmetry 1-form,
LXP̟Q|E =̟SP (Q)|E = 0 (mod total D) (4.7)
7
where
SP (Q)A = Q
′(P )A +R
∗
P (Q)A (4.8)
are its components.
Here and throughout, RP and RQ are the linear differential operators determined by
equations (4.1) and (4.2). The adjoints of these operators are denoted R∗P and R
∗
Q.
Proof. Recall that the Lie derivative has the following properties: it acts as a derivation;
it commutes with the differential d; it reduces to the Frechet derivative when acting on a
differential function.
By use of these properties,
LXP̟Q = LXP (QAdG
A)
= (LXPQA)dG
A +QALXP (dG
A)
= Q′(P )AdG
A +QAd(G
′(P )A)
= Q′(P )AdG
A +QAd(RP (G)
A).
(4.9)
The last term can be simplified on E : QAd(RP (G)
A)|E = QARP (dG)
A|E = R
∗
P (Q)AdG
A
(mod total D). This yields
LXP̟Q|E = ((Q
′(P )A +R
∗
P (Q)A)dG
A)|E (mod total D) , (4.10)
completing the derivation.

There is an elegant formula, due to Cartan, for the Lie derivative in terms of the operations
d and ⌋ . This formula gives rise to two additional symmetry actions.
Theorem 4.4. The terms in Cartan’s formula
LXP̟Q = d(prXP ⌋̟Q) + prXP ⌋ (d̟Q) (4.11)
evaluated on E each yield an action of symmetries on adjoint symmetries. The action pro-
duced by the Lie derivative term has the components (4.8), and the actions produced by the
differential term and the hook term respectively have the components
S1P (Q) = R
∗
P (Q)A −R
∗
Q(P )A, (4.12)
S2P (Q) = Q
′(P )A +R
∗
Q(P )A. (4.13)
Proof. Consider the first term on righthand side in the formula (4.11). It can be evaluated
in two different ways. Firstly, prXP ⌋ (QAdG
A) = QAG
′(P )A = QARP (G)
A yields
d(prXP ⌋ (QAdG
A))|E = d(QARP (G)
A)|E = (QARP (dG
A))|E = (R
∗
P (Q)AdG
A)|E . (4.14)
Secondly, QAdG
A = RQ(G)αΘ
α + QA(DiG
A)dxi (mod total D) gives prXP ⌋ (QAdG
A) =
prXP ⌋ (RQ(G)αΘ
α + QA(DiG
A)dxi (mod total D) ) = RQ(G)αP
α (mod total D). This
yields
d(prXP ⌋ (QAdG
A))|E = d(RQ(G)αP
α (mod total D) )|E
= (RQ(dG)αP
α (mod total D) )|E
= (R∗Q(P )AdG
A (mod total D) )|E .
(4.15)
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Then, equating expressions (4.14) and (4.15) leads to the result
((R∗P (Q)A − R
∗
Q(P )A)dG
A)|E = 0 (mod total D)|E . (4.16)
This equation shows that the symmetry action (4.12) produces an adjoint-symmetry.
Now consider second term on righthand side in the formula (4.11). Similarly to the first
term, it can be evaluated in two different ways. Firstly, d̟Q = dQA ∧ dG
A yields
prXP ⌋ (dQA ∧ dG
A) = Q′(P )AdG
A −G′(P )AdQA = Q
′(P )AdG
A − RP (G)
AdQA. (4.17)
Hence, on E ,
(prXP ⌋ (dQA ∧ dG
A))|E = (Q
′(P )AdG
A)|E . (4.18)
Secondly, d̟Q = d(RQ(G)αΘ
α +QA(DiG
A)dxi) (mod total D) gives
d̟Q|E = (RQ(dG)α ∧Θ
α +QA(DidG
A) ∧ dxi)|E (mod total D) . (4.19)
This yields
(prXP ⌋ (RQ(dG)α ∧Θ
α +QA(DidG
A) ∧ dxi))|E
= (RQ(G
′(P ))αΘ
α − P αRQ(dG)α +QA(DiG
′(P )A)dxi)|E
= −(R∗Q(P )AdG
A)|E (mod total D).
(4.20)
Equating expressions (4.18) and (4.20) then gives the equation
((Q′(P )A +R
∗
Q(P )A)dG
A)|E = 0 (mod total D)|E (4.21)
showing that the symmetry action (4.13) produces an adjoint-symmetry.

Observe that the three actions (4.8), (4.12), (4.13) are related by
S1P (Q) + S2P (Q) = SP (Q). (4.22)
Each action is mapping on the linear space of adjoint-symmetries QA. Algebraic properties
of these actions can be found in Ref. [6].
5. Geometrical adjoint-symmetries of evolution equations
A general system of evolution equations of order N has the form
uαt = g
α(x, u, ∂xu, . . . , ∂
N
x u) (5.1)
where t is the time variable, xi, i = 1, . . . , n, are now the space variables, and uα, α =
1, . . . , m, are the dependent variables. The space of formal solutions uα(t, x) of the system
will be denoted E .
The developments for general PDE systems can be specialized to evolution systems, with
Gα = uαt − g
α via identifying the indices A = α (M = m). On E , since uαt can be eliminated
through the evolution equations, the components of symmetries and adjoint-symmetries can
be assumed to contain only uα and its spatial derivatives in addition to t and xi. Hereafter,
multi-indices will refer to spatial derivatives.
A symmetry is thereby an evolutionary vector field
XP = P
α(t, x, ∂xu, . . . , ∂
k
xu)∂uα (5.2)
satisfying the linearization of the evolution system on E :
(prXP (u
α
t − g
α))|E = (DtP
α − g′(P )α)|E = 0. (5.3)
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Off of E , DtP
α = (Pt + P
′(g))α + P ′(G)α, whereby RP = P
′. Consequently, the symmetry
determining equation (5.3) can be expressed simply as
(Pt + [g, P ])
α = 0. (5.4)
The determining equation for adjoint-symmetries Qα(t, x, ∂xu, . . . , ∂
l
xu) is given by the
adjoint linearization of the evolution system on E :
(−DtQ− g
′∗(Q))α|E = 0. (5.5)
Similarly to the symmetry case, here RQ = −Q
′ off of E , and the adjoint-symmetry deter-
mining equation simply becomes
(Qt +Q
′(g) + g′∗(Q))α = 0. (5.6)
These two determining equations have a geometrical formulation given by a Lie derivative
defined in terms of a flow arising from the evolution system, similar to the situation for
ODEs [15]. Specifically, observe that Dtu
α|E = g
α, and hence Dtf |E = ft + f
′(g) for any
differential function f . This motivates introducing the flow vector field
Y = ∂t + g
α∂uα (5.7)
which is related to the total time derivative by prolongation,
prY = Dt|E = ∂t + (DIg
α)∂uα
I
. (5.8)
Associated to this flow vector field is the Lie derivative
Lt := LprY (5.9)
which acts on differential functions by Ltf = prY(f) = Dtf |E . On evolutionary vector fields
(5.2), this Lie derivative acts in the standard way as a commutator
LtprXP = pr((prY(P )− prXP (g))
α∂uα)
= pr((Pt + P
′(g)− g′(P ))α∂uα)
= pr((Pt + [g, P ])
α∂uα).
(5.10)
Thus, the symmetry determining equation (5.4) can be formulated as the vanishing of the Lie
derivative expression (5.10). This establishes the following well-known geometrical result.
Proposition 5.1. A symmetry of an evolution system (5.1) is an evolutionary vector field
(5.2) that is invariant under the associated flow (5.9).
In particular, the resulting Lie-derivative vector field
LtXP = (Pt + [g, P ])
α∂uα (5.11)
vanishes iff the functions Pα are the components of a symmetry.
A similar characterization will now be given for adjoint-symmetries, based on viewing
the adjoint relation between the determining equations (5.4) and (5.6) as a duality relation
between vectors and 1-forms.
Introduce the evolutionary 1-form
ωQ = Qα(t, x, ∂xu, . . . , ∂
l
xu)du
α. (5.12)
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Its Lie derivative is given by
LtωQ = (LtQα)du
α +QαLt(du
α)
= (Qt +Q
′(g))αdu
α +Qαd(Ltu
α)
= (Qt +Q
′(g))αdu
α +Qαdg
α
= (Qt +Q
′(g) + g′∗(Q))αdu
α (mod total D).
(5.13)
This shows that the adjoint-symmetry determining equation (5.6) can be formulated as the
functional vanishing of the Lie derivative expression (5.13).
Theorem 5.2. An adjoint-symmetry of an evolution system (5.1) is an evolutionary 1-form
(5.12) that is functionally invariant under the associated flow (5.9).
In particular, the resulting Lie-derivative 1-form
LtωQ = (Qt +Q
′(g) + g′∗(Q))αdu
α (mod total D) (5.14)
functionally vanishes iff the functions Qα are the components of an adjoint-symmetry. This
1-form (5.14) is functionally equivalent to the adjoint-symmetry 1-form (3.7) introduced for
a general PDE system. To see the relationship in detail, observe that
̟Q = QαdG
α = Qαd(u
α
t − g
α)
= Qα(Dt(du
α)− g′(du)α)
= −(DtQα + g
′∗(Q)α)du
α (mod total D)
= −LtωQ (mod total D).
(5.15)
An interesting question is how to extend this relationship to more general PDE systems.
5.1. Evolution equations with spatial constraints. A wide generalization of evolution
systems occurring in applied mathematics and mathematical physics is given by systems com-
prised of evolution equations with spatial constraints. Some notable examples are Maxwell’s
equations, incompressible fluid equations, magnetohydrodynamical equations, and Einstein’s
equations.
The constraints in such systems in general consist of spatial equations
CΥ(x, u, ∂xu, . . . , ∂
N ′
x u) = 0, Υ = 1, . . . ,M
′ (5.16)
that are compatible with the evolution equations (5.1). Compatibility means that the time
derivative of the constraints vanishes on the solution space E of the whole system, (DtC
Υ)|E =
0. For systems that are regular [2], Hadamard’s lemma implies that the system obeys a
differential identity
DtC
Υ = C ′(G)Υ +D(C)Υ (5.17)
where Gα = uαt −g
α denotes the evolution equations (5.1), and where D is a linear differential
spatial operator whose coefficients are non-singular on E . Equivalently, the constraints must
obey the identity C ′(g)Υ = D(C)Υ. A comparison of the differential order of each side of
this identity shows that D is of same order N as the evolution equations, namely
D =
∑
0≤|I|≤N
RIΥΛDI . (5.18)
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The full system consists of n+M ′ equations Gα = 0, CΥ = 0. Note that, in the previous
notation (3.1), (Gα, CΥ) = (GA) with A = (α,Υ).
The symmetry determining equation is given by the linearization of the full system on E ,
which is comprised by the evolution part (5.3) and the constraint part
(prXPC
Υ)|E = C
′(P )Υ|E = 0. (5.19)
Off of E , C ′(P )Υ = RC(C)
Υ, where RC is a linear differential spatial operator whose co-
efficients are non-singular on E . Hence, the determining equations (5.3) and (5.19) can be
stated as
(Pt + [g, P ])
α|EC = 0, C
′(P )Υ|EC = 0 (5.20)
where EC denotes the solution space of the spatial constraint equations (5.16).
The adjoint-symmetry determining equation is given by the adjoint linearization of the
full system on E , which comprises evolution terms and additional constraint terms:
(−DtQ− g
′∗(Q) + C ′∗(q))α|E = 0. (5.21)
Here the components of an adjoint-symmetry consist of
(Qα(t, x, ∂xu, . . . , ∂
l
xu), qΥ(t, x, ∂xu, . . . , ∂
l′
xu)) (5.22)
with Qα being associated to the evolution equations as before, while qΥ is associated to
the constraint equations. Similarly to the symmetry case, the determining equation can be
stated as
(Qt +Q
′(g) + g′∗(Q)− C ′∗(q))α|EC = 0. (5.23)
These determining equations for symmetries and adjoint-symmetries have a geometrical
formulation in terms of a constrained flow (5.7), generalizing the previous formulation for
evolution systems as follows.
Theorem 5.3. A symmetry of a constrained evolution system (5.1) and (5.16) is an evo-
lutionary vector field (5.2) that is invariant under the associated constrained flow (5.9) and
that preserves the constraints.
The proof of this result is simply the observation that, first, the determining equation
(5.19) corresponds to the constraints being preserved, and second, the Lie derivative of the
symmetry vector field (5.11) along the flow vanishes on the constraint solution space.
Theorem 5.4. An adjoint-symmetry of a constrained evolution system (5.1) and (5.16) is
an evolutionary 1-form (5.12) that is functionally invariant under the associated constrained
flow (5.9), up to a functional multiple of the normal 1-form dCΥ arising from the constraints.
The proof is given by the earlier computation (5.14) for the Lie derivative of the adjoint-
symmetry 1-form. This computation shows that the adjoint-symmetry determining equation
(5.23) now can be expressed as
LtωQ|EC = (C
′∗(q)αdu
α)|EC = (qΥdC
Υ)|EC (mod total D) (5.24)
where dCΥ is the normal 1-form given by the constraints viewed as surfaces in jet space.
The Lie-derivative 1-form (5.24) is functionally equivalent to the adjoint-symmetry 1-
form (3.7) introduced for a general PDE system. In the present notation, the full system
of evolution and constraint equations (5.1) and (5.16) consists of (Gα, CΥ) = 0, and the
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corresponding 1-form associated to this system is given by ̟Q,q = QαdG
α + qΥdC
Υ. Now
observe that
̟Q,q = qΥdC
Υ − LtωQ (mod total D) (5.25)
using the relation (5.15).
There is a class of adjoint-symmetries arising from the summed product of arbitrary func-
tions χΥ(t, x) and the components of the the differential identity (5.17). This yields, after
integration by parts,
0 = χΥ(DtC
Υ − C ′(G)Υ −D(C)Υ)
= Dt(χΥC
Υ) +DiΨ
i(χ,G;C)−DiΦ
i(χ,C;R)− (Dtχ +D
∗(χ))ΥC
Υ − C ′∗(χ)αG
α
(5.26)
where Φi(χ,C;R) =
∑
0≤|I|≤N−1(−1)
|J |DJ(χΥR
iIΥ
Λ)DI/JC
Λ from expression (5.18). Hence,
Dt(χΥC
Υ) +Di(Ψ
i(χ,G;C)− Φi(χ,C;R)) = C ′∗(χ)αG
α + (Dtχ+D
∗(χ))ΥC
Υ (5.27)
has the form of a conservation law off E , with (C ′∗(χ)α, (Dtχ+D
∗(χ))Υ) being the multiplier.
As is well known, every multiplier for a regular PDE system is an adjoint-symmetry [16, 11,
8, 2]. This can be proven here by applying the Euler operator Euα and using its product
rule. Consequently,
Qα = C
′∗(χ)α, qΥ = (Dtχ+D
∗(χ))Υ (5.28)
are components of an adjoint-symmetry, involving the arbitrary functions χΥ(t, x). Such
adjoint-symmetries are a counterpart of gauge symmetries, and accordingly are called gauge
adjoint-symmetries [2].
The corresponding gauge adjoint-symmetry 1-form is given by
ωχ = C
′∗(χ)αdu
α = χΥdC
Υ (mod total D) (5.29)
and satisfies the geometrical relation
Ltωχ|EC = ((Dtχ +D
∗(χ))ΥdC
Υ)|EC (mod total D). (5.30)
This establishes the following geometrical result.
Theorem 5.5. A gauge adjoint-symmetry (5.28) is functionally equivalent to a normal 1-
form ωχ associated to the constraint equations (5.16). Under the evolution flow, it is mapped
into another normal 1-form.
6. Concluding remarks
The main results showing how adjoint-symmetries correspond to evolutionary 1-forms
with certain geometrical properties provides a first step towards giving a fully geometri-
cal interpretation for adjoint-symmetries. In particular, for systems of evolution equations,
adjoint-symmetries can be geometrically described as 1-forms that are invariant under the
flow generated by the system on the solution space. This interesting result has a straightfor-
ward generalization to systems of evolution equations with spatial constraints. Consequently,
the results presented here are applicable to all PDE systems of interest in applied mathe-
matics and mathematical physics.
One direction for future work will be to translate and generalize these results into the ab-
stract geometrical setting of secondary calculus [9, 17] developed by Vinogradov and Krasil-
shick and their co-workers.
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